L15 The Mean-value theorem (R E2E))
4.2 Increasing and decreasing functions (PEIET R F{ED)

E}'F&E P158(4.9.12.23.25.26.29.35.39.40.42)

R

Let f:[a,b] =R be diff. If f'(a)>0 and f'(b)<0, then 3 c€(a,b) s.t. £'(c)=0.
(Do not assume that f' is cont.)

(Hint:Thm.A)

B ¢ (Intermediate-value property for derivative):

Let f:[a,b] =R be diff.

If ¢ 1s between f'(a) and f'(b), then 3 x0€E(a,b) s.t. f'(xo)=c.

(Do not assume that f' 1s cont.)

(Hint:Consider F(x)=f(x)-cx, then by ¥]7 &)

Let F(x)=f(x)-cx

Then F(x) 1s cont. on [a,b] and diff. on (a,b).

" F)=fx)-c .. F(a)=f'(a)-c>0 and F'(b)= f'(b)-c<0

~ F(@>0and F(b)<0 .".By ¥ fH 3 x€(a,b) s.t. F'(x0)=0

VO F®)=X)-c=0 .. f'(Xo)-c=0= {'(x0)=c
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Thm:(Mean-value theorem)

Let f:[a,b] =R be a function.

If 1s cont. on [a,b] and diff. on (a,b),

then 3 c€(a,b) s.t. f'(c)=[f(b)-f(a)]/(b-a) or f(b)-f(a)=t'(c)(b-a).
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pf:ffi™] Rolle's Thm.
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Let h(x)=f(0)-{ [f(b)-F(@))/(b-a) - (x-a)+(a) ) HZDTHe > L[ EFT 1 17 -
Then h is cont. on [a,b] and diff. on (a,b). /| fsg 1 # 5 B3 P T -
" h(a)=0 and h(b)=0 .". By Rolles thm 3 c€(a,b) s.t. h'(c)=0.
)= )-[fD)-f(@)]/(b-a) .. h'(c)=f'(c)-[£(b)-f(a)]/(b-a)=0

=1(0)=[t(b)-f()]/(b-a)
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egl:Show that equation 6x4-7x+1=0 doesn't have more than two distincr real

roots.

pf:
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Let f(x)=6x"4-7x+1

assume that 3 xi<xe<xs s.t. f(x1)=f(x2)=f(x2)=0
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" {13 cont. on [Xxu x2] and f diff. on (x1. X2)

. By Rolle's thm., 3 ci€(x1. x2) s.t. f'(c1)=0
Similarly, 3 c:E€(x2. x3) s.t. £'(c2)=0
f'(x)=24x"3-T=0=>x=(7124)(1/3) (— <)

Therefore f doesn't have more than two distincr real roots.

eg2:Prove that the eguation 6x*5+13x+1=0 has exactly one real root.

pf:
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Let f(x)=6x"5+13x+1

assume that 3 xi<xz s.t. f(x1)=f(x2)=0
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" f1scont. on [Xx. x2] and f diff. on (X1 x2)

.. By Rolle's thm., 3 c€(x.. x2) s.t. {'(c)=0

But f'(x)=3x"4+13>0 (—=<)

Therefore f has not more than one real root.

f(0)=1>0, f(-1)=-18<0

"." fiscont. on [-1,0]

.. By Intermediate value thm. 3 x0€(a,b) s.t. f(X0)=0.
=T has a root.

Therefore f has exactly one real root.

eg3:Prove that if f(x)=ax2+bx+d, then the number in [X:. x2] satisfying the
Mean-value thm. 1s just the midpoint c=(x1+x2)/2.

pf:

" f(x) 18 cont. on [x1. X2] and diff. on (X1,X2)

.". By Mean-value thm., 3 c€(x1,x2) s.t. f'(c)=[f(X2)-f(x1)]/(X2-X1)
=[a(x2"-x1))+b(xo-x1) ) /(x-X1)=a(X2+X1)+b

o f(x)=2ax+b .. f(c)=2ac+b

=2ac+b= a(x>+x1)+b

=c=(X1+x2)/2
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§ 4.2 Increasing and decreasing functions.

ST T TR IR
Fi o I EERD T - A RLEVBE TR p
Q: i ﬁ%‘, ‘Emu@[lﬂ/ /2 A H H NE *‘T;“;L‘_FUH%IHI/

Question: I I GHAEN Y& y=LCOPV AT 2

=R (E s e s ) YR P B 2 PR E
= U T PR o T R T TR

Answer: | P %ﬁ%ﬁf@?@%ﬂwﬂ—ﬁ@— Eﬂ,‘
1EIET ~ RV AV RS EARL
2. ~ [ FORITEREIBL o F S A R

Def:

a function f 1s said to Increase on the interval I

(F<RY £ 7on D), if f(x1)<f(x2), V xi<x2 on L.

a function f 1s said to decrease on the interval ||

(FRY £\on D), if f(x)>f(x2), V xi<x2 on L.
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Thm:Let f be diff. on (a,b).

If £'>0 on (a,b), then f.”on (a,b).
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If f'<0 on (a,b), then £ \on (a,b).
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pf:

D Let xi<xz1n (a,b).  (To show f(x1)<f(x2))

" fis diff. on [xi,x2]  xx BES ab pIIPYRY G

.". f1scont. on [X1,x2]

By Mean-value thm., 3 cE(x1,x2) s.t. f(x2)-f(x1)=f'(c)(X2-X1)
" '(0)>0 and x2-x1>0

S I)-T(x)>0=>1(x2)>1(x1)

Therefore f,”on (a,b)



